Solitary waves in a thick walled elastic tube  by Demiray, Hilmi & Dost, Sadik
Solitary waves in a thick walled elastic tube
Hilmi Demiray a,*, Sadik Dost b
a Istanbul Technical University, Faculty of Sciences and Letters, Department of Engineering Sciences, 80626 Maslak,
Istanbul, Turkey
b Department of Mechanical Engineering, University of Victoria, P.O. Box 3055, MS 8895, Victoria, BC, V8W 3P6
Canada
Received 21 July 1997; accepted 2 June 1998
Abstract
In the present work, we studied the propagation of solitary waves in a prestressed thick walled elastic tube filled with
an incompressible inviscid fluid. The efects of wall inertia and shear deformation are taken into account in determining
the inner pressure–inner cross-sectional area relation. Using the reductive perturbation technique, the propagation of
weakly nonlinear waves in the long wave approximation is investigated and the Korteweg–de Vries equation is obtained
as the evolution equation. Due to dependence of the coecients of the governing Korteweg–de Vries equation on the
initial deformation, the material parameters and the thickness ratio, it is observed that the solution profile changes with
these parameters. The numerical calculations indicate that for engineering materials (small a) the wave profile gets
steepened with increasing thickness ratio, whereas for soft biological tissues the wave profile is not so sensitive to the
thickness ratio but it is quite sensitive to the material nonlinearity characterized by the coecient a. This shows that for
biological tissues the material nonlinearity is more important than the geometrical nonlinearity. Ó 1998 Elsevier
Science Inc. All rights reserved.
1. Introduction
The striking feature of arterial blood flow is its pulsatile character. The intermittent ejection of
blood into aorta from the left ventricle of the heart produces flow and pressure pulses in the
arterial tree. Experimental studies of these pulses have revealed that they propagate with a
characteristic pattern. They undergo well-defined changes in their wave form as they propagate
away from the heart [1]. McDonald [1] measured the simultaneous changes in amplitude and form
of the flow and pressure waves at five sites from the ascending aorta to the saphenous artery in
dog, as illustrated in Fig. 1. The transmission of pressure pulse is accompanied by an increase in
amplitude and a decrease in pulse width which have been noted as ‘‘peaking’’ and ‘‘steepening’’,
respectively. The increase in amplitude is in accordance with an increase of the pulse-wave ve-
locity and is combined with the development of a dicrotic wave.
The propagation of pressure pulses in fluid-filled distensible tubes has been studied by several
researchers in the current literature. Such problems have been investigated, especially, in view of
their applications to biological problems involving pulse propagation in large blood vessels, [2,3].
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Most of the works on wave propagation in compliant tubes have considered small amplitude
waves ignoring the nonlinear eects, and focused on the dispersive character of the waves, [4–6].
However, when the nonlinear eects, arising from the constitutive relation of tube materials and/
or the convective terms of fluids are introduced, one has to consider either finite amplitude or
small-but finite amplitude waves depending on the order of nonlinearity.
The propagation of finite amplitude waves in fluid-filled elastic or viscoelastic thin tubes has
been investigated by Rudinger [7], Anliker et al. [8] and Tait and Moodie [9], by use of the method
of characteristics, in studying the shock formation. On the other hand, the propagation of small-
but-finite amplitude waves in distensible thin tubes has been studied by Johnson [10], Hashizume
[11], Yomosa [12], Erbay et al. [13] and [14], by employing various asymptotic methods. An at-
tempt is made by Demiray [15] to study the propagation of solitary waves in a fluid filled thick-
walled elastic tube.
As is well-known, a far field (or long time) evolution of weakly nonlinear waves in dispersive or
dissipative media can be described by some nonlinear evolution equations. For example, in dis-
sipative media the Burgers equation and in dispersive media the Korteweg–de Vries (KdV)
equation are the simplest representative equations [16], exhibiting a balance between the non-
linearity and dissipation and the nonlinearity and dispersion, respectively. Under certain condi-
tions, such a balance between the nonlinearity, which causes the steepening, and dispersion, which
causes the broadening of waves leads to the occurrence of stable nonlinear structures, such as
solitary waves. On the other hand, when a balance exists between the nonlinearity, dispersion and
Fig. 1. A diagrammatical comparison of the behavior of the flow velocity and pressure pulses from ascending aorta to
the sapheneous artery (after [1]).
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dissipation, the simplest resulting evolution equation is the Korteweg–de Vries–Burgers (KdVB)
equation, which represents the combination of KdV and Burgers equations.
Employing various asymptotic methods, the propagation of small-but-finite amplitude waves
in fluid-filled distensible tubes has been investigated by several researchers in the current litera-
ture. For instance, Johnson [10] investigated the laminar elastic jumps in an elastic tube con-
taining a viscous fluid, and showed that the elastic jumps are governed by the KdVB equation.
Hashizume [11] and Yomosa [12] studied the propagation of weakly nonlinear waves in a thin
walled nonlinear elastic tube filled with an incompressible inviscid fluid and showed that the
propagation is governed by the KdV equation. Erbay et al. [13] examined the propagation of
weakly nonlinear waves in a fluid-filled viscoelastic thin tube and obtained the governing non-
linear equation as KdV, Burgers and KdVB equations, depending on the order of certain pa-
rameters. Demiray [14] studied the propagation of solitary waves in a thin walled elastic tube filled
with an incompressible inviscid fluid and obtained the KdV equation as the governing equation.
In all these works the tube is assumed to be thin walled. For thick tubes, which is the case for flow
in arteries, the only attempt is made by Demiray [15], in studying the propagation of solitary
waves in an elastic tube filled with an incompressible inviscid fluid. In [15], the transmural
pressure–inner cross-sectional area relation is obtained by simply inflating the cylindrical tube
under the eect of uniform time dependent transmural pressure. However, when using this
pressure–area relation in the fluid equation, the dependence of transmural pressure on the axial
coordinate, which is necessary for a flow in tubes, was included artificially.
In the present work, employing the nonlinear equations of an elastic thick tube filled with an
incompressible inviscid fluid, the propagation of weakly nonlinear waves is investigated. Con-
sidering the physiological conditions under which the arteries function, in the analysis, the tube is
assumed to be subjected to a uniform transmural pressure P 0i and an axial stretch kz. In the course
of blood flow in arteries, a pressure increment P^i, which depends both on time and the axial
coordinate is added by the left ventricle. As a result of this, a large time dependent radial dis-
placement, which also depends on the axial coordinate, is superimposed on this static field, but,
due to external tethering, the eect of axial displacement is neglected. Utilizing a nonlinear
constitutive relation of an incompressible and isotropic elastic material and including the changes
of radial deformation with the axial coordinate, the pressure–area relation is obtained. Inserting
this pressure–area relation into the fluid equations and employing the reductive perturbation
method, the propagation of weakly nonlinear waves in the longwave approximation is investi-
gated. It is shown that, in the longwave approximation, the governing equation is represented by
the well-known Korteweg–de Vries equation. Thick shell theory gives solitary wave solutions even
for a neo-Hookean material, which is not observed in thin shell theories. Due to dependence of
coecients appearing in the Korteweg–de Vries equation on the initial deformation, material
characteristics and the thickness ratio, the wave profile changes with these parameters. As nu-
merical calculations indicate, the profile of solitary wave is steepened with increasing thickness
ratio for engineering material, whereas for biological tissues the wave profile is not so sensitive to
the changes in thickness ratio but quite sensitive to the changes in the material coecient a.
Therefore, it might be stated that for biological tissues the material nonlinearity is more important
than the geometrical nonlinearity.
2. Theoretical preliminaries and basic equations
Although blood is known to be an incompressible viscous fluid, as pointed out by Rudinge [7],
in some applications, such as flow in large blood vessels, the eect of viscosity may be neglected.
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As a result of this simplifying assumption, the variation of field quantities of the fluid medium
with the radial coordinate may be disregarded. However, the radial motion of the fluid is included
by taking the variation of cross-sectional area into account. The equation governing the con-
servation of mass may be given by
oAi
ot
 o
oz
vAi  0; 1
where Ai stands for the inner cross-sectional area of the tube, v
 the axial velocity of the fluid, t
the time parameter and z the axial coordinate of a point in the cylindrical coordinate system.
The equation of the balance of linear momentum in the axial direction may be given as follows:
ov
ot
 v ov

oz
 1
qf
oP 
oz
 0; 2
where qf is the mass density and P the pressure of the fluid medium.
Eqs. (1) and (2) give only two relations to determine the unknown functions Ai, v
 and P. For
the complete determination of these field variables one has to have an additional relation between
these quantities.
On the average, for a healthy human being the systolic pressure is about 120 mm Hg and the
diastolic pressure is 80 mm Hg.Therefore, the arteries are initially subjected to 100 mm Hg mean
pressure. Furthermore, experimental studies indicate that the arteries also experience an axial
stretch kz, which is about 1.6. Based on these observations one can say that the arterial wall
materials are initially subjected to a uniform inner pressure P0 and the axial stretch ratio kz. Let ri
denote the value of inner radius after such a finite static deformation. In the course of blood flow
in arteries a pressure increment 20 mm Hg is added on this initial deformation. Let ui z; t be
the radial displacement of a point on the inner surface of the artery, due to axial tethering the
axial displacement will be disregarded. Then the inner cross-sectional area of the tube may be
expressed as
Ai  pri  ui 2: 3
Introducing Eq. (3) into Eq. (1) we obtain,
oui
ot
 v ou

i
oz
 1
2
ri  ui 
ov
oz
 0: 4
As will be proven later, the fluid pressure can be expressed as
P   F ui ;
oui
oz
 2
;
o2ui
oz2
;
o2ui
ot2
" #
: 5
This functional form of the pressure will be determined later through the use of the equations of
motion and the constitutive relations of an elastic medium.
At this stage it might be convenient to introduce the following nondimensionalized quantities:
t  ri
c0
 
t; z  riz; v  c0v; ui  riui; P   qf c20p0  p; 6
where c0 is the wave speed, the form of which will be determined later. Introducing Eq. (6) into
Eqs. (2), (4) and (5) we obtain the following non-dimensionalized equations of motion,
oui
ot
 v oui
oz
 1
2
1 ui ovoz  0; 7
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ov
ot
 v ov
oz
 op
oz
 0 8
with
p  p ui; ouioz
 2
;
o2ui
oz2
;
o2ui
ot2
" #
: 9
3. Long-wave approximation
In this section we shall study the propagation of small-but-finite amplitude waves in a fluid-
filled nonlinear thick elastic tube whose dimensionless governing equations are given in Eqs. (7)–
(9). As is well-known [4], the wavelength of pulse waves propagating in arteries is very large as
compared to the inner radius of the blood vessel. Therefore, the long-wave approximation may be
used in studying such problems in arteries.
In order to tackle the problem we assume that p is an analytic function of ui and its various
order derivatives with respect to z and t. Therefore, the function p may be expanded into a power
series of these quantities and the result may be expressed as
p  p0  b1ui  b2
o2ui
oz2
 b3
o2ui
ot2
 b4u2i  b5
oui
oz
 2
 b6ui
oui
oz
 2
 b7ui
o2ui
oz2
 b8ui
o2ui
ot2
 . . . ; 10
where the coecients bi i  1; . . . ; 10 are evaluated at ui  oui=oz  o2ui=oz2  o2ui=ot2  0 and
they depend on the initial deformation, geometrical and material characteristics.
Before deciding on the transformation that we shall use, it will be instructive to study the
dispersive character of our model equations. For that, we need the linearized form of the field
equations. Dropping the nonlinear terms, from Eqs. (7), (8) and (10) we have
2
oui
ot
 ov
oz
 0; ov
ot
 op
oz
 0; p  b1ui  b2
o2ui
oz2
 b3
o2ui
ot2
: 11
Seeking a harmonic wave type solution to these linearized field equations we obtain the following
dispersion relation:
x2  b1k
2 ÿ b2k4
2 b3k2
; 12
where x is the angular frequency and k is the wave number. For small wave numbers (or, large
wave-lengths), the frequency of the wave may be approximated as
x  gk1ÿ rk2; 13
where g and r are defined by
g2  b1
2
; r  b3
4
 b2
b1
: 14
Now, we would like to present the following type of coordinate transformation:
n  1=2zÿ gt; s  3=2gt; 15
where   Ok2 is a small parameter measuring the weakness of the dispersion.
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Introducing Eq. (15) into Eqs. (7), (8) and (10) we obtain
g ÿ oui
on
  oui
os
 
 v oui
on
 1
2
1 ui ovon  0; 16
g ÿ ov
on
  ov
os
 
 v ov
on
 op
on
 0; 17
p ÿ p0  b1ui  b2
o2ui
on2
 b3g2
o2ui
on2
ÿ 2 o
2ui
onos
 2 o
2ui
os2
 
 b4u2i  b5
oui
on
 2
 b6ui
oui
on
 2
 b7ui
o2ui
on2
 g2b8
o2ui
on2
ÿ 2 o
2u
onos
 2 o
2ui
os2
 
    : 18
Now, we assume that the field quantities are expressible as some asymptotic series in  as
ui 
X1
n1
enunn; s; v 
X1
n1
envnn; s; p  p0 
X1
n1
enpnn; s: 19
Introducing Eq. (19) into Eqs. (16)–(18) and setting the coecients of like powers of  equal to
zero we obtain the following sets of dierential equations.
First order, Oe; equations:
ÿ g ou1
on
 1
2
ov1
on
 0; ÿg ov1
on
 op1
on
 0; p1  b1u1: 20
Second order, Oe2; equations:
ÿ g ou2
on
 g ou1
os
 v1 ou1on 
1
2
u1
ov1
on
 1
2
ov2
on
 0;
ÿ g ov2
on
 g ov1
os
 v1 ov1on 
op2
on
 0;
p2  b1u2  b2  g2b3
o2u1
on2
 b4u21:
21
The solution of the field equations: The solution of the set in Eq. (20) gives the following result:
u1  Un; s; v1  2gUn; s; p1  2g2Un; s; 22
where Un; s is an unknown function whose governing equation will be obtained later.
Introducing Eq. (22) into Eq. (21) and eliminating u2, v2 and p2 between these equations we
obtain the following Korteweg–de Vries equation:
oU
os
 vU oU
on
 r o
3U
on3
 0; 23
where the coecient v is defined by
v  5
2
 b4
b1
: 24
Eq. (23) admits a steady state solitary wave solution which can be expressed as
U  U1  a sech2 va
12r
 1=2
f
 
; 25
where f  nÿ cs; c  vU  a=3 is the wave speed, a is the amplitude of the wave and U1  U
as f! 1.
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In general the coecients v and r are functions of the initial deformation, geometrical and
mechanical characteristics of the arterial wall material. Therefore, in order to study the solution
profile one has to know the explicit expressions of the coecients b1, b2, b3 and b4, which will be
explored in the following section.
4. Determination of pressure–area relation
In order to derive an appropriate pressure–area relation, one must know the nonlinear con-
stitutive equations of the tube material. Throughout this work, we shall assume that the tube
material is elastic, isotropic and incompressible. Considering the biological applications of the
problem, we shall further assume that the material under investigation is of the generalized neo-
Hookean type of which the constitutive relations may be given by
tkl  Pdkl  Uckl; 26
where tkl is the Cauchy stress tensor referred to the final configuration, P the hydrostatic pressure,
dkl the Kronecker delta and other quantities are defined by
ckl  FkKFlK ; U  2l oRoI1 : 27
Here lRI1 is the strain energy density function, l the shear modulus in the undeformed con-
figuration, xkXK ; t defines the deformation, FkK  oxk=oXK is the deformation gradient, ckl the
Finger deformation tensor and I1; I2 and I3  1 are the basic invariants of Finger deformation
tensor ckl. The summation convention applies on the repeated indices.
Considering the physiological conditions under which the arteries function, the tube may
initially be assumed to be subjected to a uniform inner pressure P0 and an axial stretch ratio kz.
Assuming that the arterial geometry is a circularly cylindrical thick shell, the initial static de-
formation may be described by
r  R
2
kz
 D
 1=2
; z  kzZ; h  H; 28
where R;H; Z and r; h; z are the cylindrical polar coordinates of a material point before and
after finite static deformation and D is an integration constant.
In the course of blood flow, a finite time dependent radial displacement uz; t is added on
this static field. Throughout this work we shall assume that, due to external tethering in the axial
direction, the axial displacement may be disregarded and the forces in the axial direction are bal-
anced in average sense but not point-wise. Then, the radial deformation may be described by
r  r  ur; z; t; z  z; h  h: 29
The physical components of the Finger deformation tensor may be given as
crr  1
k2z B
1 ou

or
 2
 k2z
ou
oz
 2
;
chh  B 1 u

r
 2
; czz  k2z ; crz  k2z
ou
oz
;
30
where the function B is defined by B  r2=R2. The incompressibility of the material requires that
ou
or
 u

r
 u

r
ou
or
 0: 31
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The physical components of the stress tensor are given by
trr  P  Ucrr; thh  P  Uchh;
tzz  P  Uczz; trz  Ucrz:
32
These stress components must satisfy the equation of motion in the radial direction,
otrr
or
 trr ÿ thh
r
 otrz
oz
 q0
o2u
ot2
; 33
where q0 is the mass density of the tube material.
Since the radial coordinate r is not known before determining the function u, it might be
convenient to write Eq. (33) in terms of the coordinates r; z. If this is done we obtain
otrr
or
 1
ou
or 
1 ur 
trr ÿ thh
r
 1 ou

or
 
otrz
oz
ÿ ou

oz
otrz
or
 q0 1
ou
or
 
o2u
ot2
: 33a
The solution must satisfy the following boundary conditions:
tklnknljrriui  ÿP
; tklnknljrr0u0 ; 34
where n is the unit exterior normal to the corresponding deformed surface.
The unit tangent vector t to the deformed meridian and the unit exterior normal n to the
deformed surface are defined by
t  1
K
ou
oz
er  ez
 
; n  1
K
er ÿ ou

oz
ez
 
; 35
where
K  1 ou

oz
 2" #1=2
: 36
We introduce the following dimensionless quantities:
tij  lrij; u  riu; r  rix; P  lp;
d  r0=ri; c20 
l
q0
; q  qf
q0
;
37
where l is the typical shear modulus parameter. Introducing Eq. (37) into Eqs. (30), (33) and (34)
we have
orrr
ox
 1
ou
ox
1 ux
rrr ÿ rhh
x
 1 ou
ox
 
orrz
oz
ÿ ou
oz
orrz
ox
 1 ou
ox
 
o2u
ot2
; 38
and the incompressibility condition
ou
ox
 u
x
 u
x
ou
ox
 0: 39
The boundary conditions are
rklnknljx1  ÿKjx1qp0  p: 40
To be consistent with the transformation employed in Section 3, we can write
n  1=2zÿ gt; s  3=2gt; 41
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Introducing Eq. (41) into Eqs. (38)–(40) we have
orrr
ox
 1
ou
ox
1 ux
rrr ÿ rhh
x
 1=2 1 ou
ox
 
orrz
on
ÿ 1=2 ou
on
orrz
ox
 1 ou
ox
 
g2
o2u
on2
ÿ 2 o
2u
onos
 2 o
2u
os2
 
: 42
Expanding the field quantities into asymptotic series of , we have
rrr  r0rr   r1rr  2r2rr     ;
rhh  r0hh   r1hh  2r2hh     ;
rzz  r0zz   r1zz  2r2zz     ;
rrz  r0rz  3=2r1rz  5=2r2rz     ;
u   u1  2u2     ;
p  p0   p1  2 p2    
43
Here, from the constitutive relation (7), we have noted the lowest order term in rrz starts with 3=2.
Introducing the expansion (43) into Eqs. (39), (40) and (42) we obtain the following sets of dif-
ferential equations and the associated boundary conditions.
O(1) order equations:
or0rr
ox
 r
0
rr ÿ r0hh
x
 0;
r0rr jx1  ÿqp0; r0rr jxd  0:
44
O order equations:
or1rr
ox
 r
1
rr ÿ r1hh
x
 ou1
ox
ÿ u1
x
 
r0rr ÿ r0hh
x
 !
 0; ou1
ox
 u1
x
 0;
r1rr jx1  ÿqp1; r1rr jxd  0:
45
O2 order equations:
U0k2z ÿ g2
o2u1
on2
 or
2
rr
ox
 r
2
rr ÿ r2hh
x
 ou1
ox
ÿ u1
x
 
r1rr ÿ r1hh
x
 !
 ou2
ox
ÿ u2
x
 u
2
1
x2
ÿ u1
x
ou1
ox
 
r0rr ÿ r0hh
x
 !
 0;
ou2
ox
 u2
x
 u
2
1
x2
 u1
x
ou1
ox
 0; r2rr jx1  ÿqp2; r2rr jxd  0:
46
Solution of the field equations: The solution of O(1) order of equations simply gives the equi-
librium conditions for the static deformation. The solution of this order equations yields the
following result:
r0rr 
Zx
d
U0
x
Bÿ 1
k2z B
 !
dx; x2  kzD0B
kzBÿ 1 ; 47
where the coecient D0 is defined by
D  r2i D0: 48
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From Eq. (47), the equilibrium pressure p0 follows,
p0  1q
Zd
1
U0
x
Bÿ 1
k2z B
 !
dx: 49
Noting the dierential relations,
2B
dR
dB
 U0 Bÿ 1
k2z B
 !
;
dx
x
 ÿ dB
2BkzBÿ 1 ; 50
the equilibrium pressure may be expressed as,
p0  1q
ZBi
Bo
dR
dB
dB
kzBÿ 1 ; 51
where Bi and Bo are the values of B evaluated on the inner and outer surfaces, respectively.
Solution of O order equations: In the first place, the incompressibility equation in (45) yields
the following result:
u1  Un; sx ; 52
where Un; s is an unknown function of its arguments and governed by Eq. (23). Utilizing this
solution in the stress equation (45) and integrating the result with respect to x we obtain
r1rr  U
Zx
d
4U0
k2z B
 2U1 Bÿ 1
k2z B
 !224 35 dx
x3
; 53
where the function U1 is defined by
U1  dU0
dI01
 2 d
2R
dI021
: 54
Employing the boundary condition on the inner surface, we have
p1  Uq
Zd
1
4U0
k2z B
 2U1 Bÿ 1
k2z B
 !224 35 dx
x3
: 55
Noticing the dierential relation,
4B2
d2R
dB2
 2U1 Bÿ 1
k2z B
 !2
 4U0
k2z B
;
Eq. (55) may be written as
p1  2UqkzD0
dR
dBi
ÿ dR
dBo
 
: 56
Comparing Eqs. (20) and (56), we have
b1 
2
qkzD0
dR
dBi
ÿ dR
dBo
 
: 57
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Solution of O2 order equations: Again, the solution of incompressibility condition in Eq. (46)
yields
u2  F n; sx ÿ
U 2
2x3
; 58
where F n; s is another unknown function and corresponds to the homogeneous solution of the
incompressibility equation. Since, this solution is the same with the homogeneous solution of the
first order equation, without losing the generality of the problem, for our future purposes this
term can be set equal to zero. Introducing the solution (58) into the stress equation in (46), in-
tegrating the result with respect to x and using the boundary conditions we obtain,
p2  U
2
q
Zd
1
4U2 Bÿ 1
k2z B
 !3
 12U1 1
k2z
ÿ 1
k4z B2
 !
ÿ 12U0
k2z B
24 35 dx
x5
 1
q
g2 ln dÿ k2z
Zd
1
U0
x
dx
24 35 o2U
on2
; 59
where the function U2B is defined by
U2  1
2
d3R
dI031
: 60
Noticing the dierential relation
4B3
d3R
dB3
 4U2 Bÿ 1
k2z B
 !3
 12U1
k2z
1ÿ 1
k2z B2
 !
ÿ 12U0
k2z B
;
Eq. (59) becomes
p2  1q g
2 lnd k4z
ZBo
Bi
B
k2z B2 ÿ 1kzBÿ 1
dR
dB
dB
264
375 o2U
on2
 2
k2z D
2
0q
1ÿ kzBod
2R
dB2o
 kz dR
dBo
ÿ 1ÿ kzBi d
2R
dB2i
 kz dR
dBi
  
U 2: 61
Comparing Eqs. (21) and (61) we obtain
b2 
k4z
q
ZBo
Bi
B
k2z B2 ÿ 1kzBÿ 1
dR
dB
dB; b3 
1
q
lnd;
b4 ÿ
b1
2
 2
k2z D
2
0q
1ÿ kzBo d
2R
dB2o
 kz dR
dBo
ÿ 1ÿ kzBi d
2R
dB2i
 kz dR
dB2i
  
:
62
Thin tube case: The equations of thin tubes may be obtained from the general formulation by
simply setting c  H=Ri, where H and Ri are, respectively, the initial thickness and inner radius of
the tube, and then expanding the resulting solution in to a power series of c and keeping only the
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linear terms in this parameter. Expanding the coecients bi i  1; 2; 3; 4 into a power series of c,
we obtain
b1 
4Bi
qkz
d2R
dB2i
c; b2  ÿ
2k2z Bi
qk2z B2i ÿ 1
dR
dBi
c;
b3 
c
qkzBi
; b4 
2Bi
qkz
d2R
dB2i
 4B
2
i
qkz
d3R
dB3i
 
c:
63
Introducing Eq. (63) into Eqs. (14) and (24), we have
v  3 Bi d
3R
dB3i
d2R
dB2i
 
; r  c
4qkzBi
ÿ k
3
z
4k2z B2i ÿ 1
dR
dBi
 
d2R
dB2i
 !
: 64
Thus far we have not used any specific form for the strain energy density function. In what
follows we shall discuss the result for the strain energy density function proposed by Demiray [17]
for soft biological tissues, which might be given by
Fig. 2. The variation of v with thickness ratio for a neo-Hookean material.
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R  1
2a
expaI1 ÿ 3; 65
where a is a material constant to be determined from experimental measurements. Here we note
that the limiting value of the strain energy density function proposed in Eq. (65), as a! 0, simply
gives the constitutive relation for the neo-Hookean material. Introducing Eq. (65) into the ex-
pressions of bi i  1; 2; 4 we have
b1 
1
qkzD0
1ÿ 1
k2z B
2
i
 !
F Bi ÿ 1ÿ 1
k2z B2o
 !
F Bo
" #
; b2 
k2z
2q
ZBo
Bi
F B
BkzBÿ 1 dB;
b4 
1
2
ÿ 1
D0
 
b1 
2
k2z D
2
0q
1ÿ kzBo
k2z B3o
F Bo ÿ 1ÿ kzBi
k2z B
3
i
F Bi
" #
 a
k2z D
2
0q
1ÿ kzBo 1
 
ÿ 1
k2z B2o
!2
F Bo ÿ 1ÿ kzBi 1ÿ 1
k2z B
2
i
 !2
F Bi
24 35;
66
Fig. 3. The variation of v with thickness ratio for a biological tissue.
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where the function F(B) is defined by
F B  exp a 1
k2z B
 B k2z ÿ 3
 !" #
: 67
As stated before, the neo-Hookean material can be obtained as a limiting case of the present
formulation by simply setting the coecient a  0. If this is done, we obtain
b1 
1
qkzD0
1
k2z B2o
 !
ÿ 1
k2z B
2
i
 !
; b2 
k2z
2q
ZBo
Bi
dB
BkzBÿ 1 ;
b3 
ln d
q
; b4 
1
2
ÿ 1
D0
 
b1 
2
k2z D
2
0q
1ÿ kzBo
k2z B3o
ÿ 1ÿ kzBi
k2z B
3
i
" #
:
68
In particular, if the tube is thin, the above coecients take the following form:
b1 
4
qk3z B
2
i
c; b2  ÿ
kz
2qBi
c; b3 
c
qkzBi
; b4  ÿ
5
2
b1: 69
Fig. 4. The variation of solitary wave profile with material constant a.
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Recalling the definition of v from Eq. (24), it is seen that for thin tubes made of a neo-Hookean
material the coecient v vanishes and the Korteweg–de Vries equation degenerates into a linear
one. Similar results have been observed by Erbay et al. [13], Demiray [14] and Cowley [18].
However, for thick tubes the present formulation gives the Korteweg–de Vries equation even for
the neo-Hookean material.
5. Numerical results and discussion
In this section we shall study the variation of the coecient v, which characterizes the non-
linear nature of the evolution equation and the wave profile with initial deformation and the
material constant a, which characterizes the order of constitutional nonlinearity of the tube wall
material. For the strain energy density function proposed by Demiray [17], we compared our
analytical result with the experimental measurements of Simon et al. [19] on canine abdominal
artery with the geometrical characteristics Ri  0:31 cm and Ro  0:38 cm and the value of the
material constant a was found to be a  1:948 [20]. Moreover, experimental studies indicate that
the mass density of arteries is quite close to that of the blood. Therefore, the parameter q may be
taken to be unity. Utilizing the numerical value of the material constant a in the analytical
Fig. 5. The variation of solitary wave profile with thickness ratio for a biological tissue.
H. Demiray, S. Dost / Appl. Math. Modelling 22 (1998) 583–599 597
expressions of v and r, we have calculated the values of coecient v and the profile of solitary
wave; the result is depicted in Figs. 2–5. As is seen from Fig. 2, the coecient v increases with
increasing thickness ratio for engineering materials (small a) but decreases for soft biological
tissues (large a), Fig. 3. Moreover, the variations of the coecient v with radial deformation (Bi)
indicate that the engineering materials get softer with deformation whereas the biological tissues
get stiened. The variation of solitary wave profile with material coecient a (Fig. 4) shows that
this material constant characterizes the order of the constitutional nonlinearity of the material. As
is seen from the figure, for large values of a the wave profile gets quite steepened. Finally, the
variation of wave profile for biological tissues with thickness ratio is depicted in Fig. 5. This figure
reveals that for biological tissues the wave profile is not so sensitive to the changes in thickness. In
other words, for biological tissues the material nonlinearity is more important than the geo-
metrical nonlinearity. This dierent behavior of engineering and biological materials is due to the
dierence in their internal structures.
The solitary wave profile obtained for soft biological tissues (Fig. 5) is quite similar to that of
the result observed experimentally by McDonald [1] for various arteries. Moreover, Yomosa [12]
calculated the approximate time and length scales required for the pulse wave starting from the
heart to cause the ‘‘steepening’’ in the aorta and discussed the possible applications of solitary
waves in blood flow problems. A similar interpretation may be given for the present formulation,
but to save space we shall not repeat those statements here.
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